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I. INTRODUCTION

Fractional calculus with derivatives and integrals of any real or complex order has its origin in the work of Euler, and
even earlier in the work of Leibniz. Shortly after being introduced, the new theory turned out to be very attractive to many
famous mathematicians and scientists, for example, Laplace, Riemann, Liouville, Abel, and Fourier. Fractional calculus
has important applications in many scientific fields such as physics, mechanics, biology, electrical engineering,
viscoelasticity, control theory, economics, and so on [1-13].

However, the rule of fractional derivative is not unique, many scholars have given the definitions of fractional derivatives.
The common definition is Riemann-Liouville (R-L) fractional derivative. Other useful definitions include Caputo
fractional derivative, Grunwald-Letnikov (G-L) fractional derivative, and Jumarie type of R-L fractional derivative to
avoid non-zero fractional derivative of constant function [14-18].

In this paper, based on Jumarie type of R-L fractional calculus and a new multiplication of fractional analytic functions,
we solve the following two matrix fractional integrals:

(Ll®) [Ea(rAx“)®a (cosa(sAx“))®“p] ,

and

(Ll®) [Ea(rAx“)®a (sina(sAx“))®“p],
where 0 < a < 1, (—1)% exists, r, s are real numbers, r > 0, p is a positive integer, A is a real matrix, and A is invertible.
In fact, our results are generalizations of traditional calculus results.
I1. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper.

Definition 2.1 ([19]): Let 0 < a <1, and x, be a real number. The Jumarie’s modified Riemann-Liouville (R-L) a-
fractional derivative is defined by

(o DOf ()] = L& [* [OTCo) g 1)

T r(1-a)dx'xo (x-t)«

And the Jumarie type of Riemann-Liouville a-fractional integral is defined by

(O] = = [* LY, ¥

I'(a) “xo (x-t)1~«

where T'( ) is the gamma function.
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Proposition 2.2 ([20]): If a,B,x,, C are real numbers and g = « > 0, then

(eoDE)[Cx = x0)F] = 7P (e = x0)P 7, )

and

(XOD)?)[C] =
(4)
Definition 2.3 ([21]): If x, x4, and a,, are real numbers for all n, x, € (a, b), and 0 < a < 1. If the function f,:[a,b] - R

can be expressed as an a-fractional power series, that is, f,(x%) = Y- Om( X — xo)™* on some open interval

containing x,, then we say that f,(x%) is a-fractional analytic at x,. Furthermore, if f,:[a, b] - R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional
analytic function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([22]): If 0 < a < 1. Assume that £, (x*) and g, (x%) are two a-fractional power series at x = x,,

fu@®) = o pes (0 = 2™, (5)
9a&®) = T s (= x)"™ (6)
Then
fa(x)®q ga(x®)
(o] n [eo) bn
= Zn:or(#ﬂ) (= 20)" B =07 11y X ~ %)™
o 1 n
= T oromrs (Zmeo () nombm) G = X0 )
Equivalently,
fa(x*)®q g ()
o n 1 ®q 7 bn ®qm
= 20 2 (o = %0)%) | ®a Titno o (rarp (8 = %0)%)
n 1 Qqn
- Zn =0 ( m=0 (m) an—mbm) (F(a+1) (x - xo)a) . (8)
Definition 2.5 ([23]): If 0 < @ < 1, and x is a real number. The a-fractional exponential function is defined by
s 1 Qqn
Eo(x®) = Lo tomry = Zior (fagp ) - ©)

On the other hand, the a-fractional cosine and sine function are defined as follows:

_1\,2na n Rq2n
cosa(x%) = Nip s XX =y (O () T (10)

r(2na+1) 2n)! \I'(a+1)

and

. oo (_1)nx(2n+1)a (=" 1 « ®q (2n+1)
Sing (x%) = Xnzo r(2n+1)a+1) = Xo- 0(2n+1)' (F(a+1)x ) : 11
Definition 2.6: If 0 < a < 1, and A is a matrix. The matrix a-fractional exponential function is defined by
Qqn
ay — oo - 1 a @
Eq(Ax®) = Eno A" I‘(na+1) = X0 ( T+ ” ) ' (12)
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And the matrix a-fractional cosine and sine function are defined as follows:

o (Ax) = B A" CO = e (OO (gt qe) ™ (13)
and
Sing(Ax) = Sip o A CUEE S g | CUL (4L e I (14)
Theorem 2.7 (matrix fractional Euler’s formula): If 0 < @ < 1, and 4 is a real matrix, then
E, (iAx%) = cos,(Ax®) + ising (Ax%). (15)
Theorem 2.8 (matrix fractional DeMoivre’s formula): If 0 < @ < 1, p is an integer, and A is a real matrix, then
[cosq(Ax®) + ising (Ax*)]®a? = cos,(pAx*) + isin, (pAx®). (16)

Theorem 2.9 (fractional binomial theorem): If 0 < @ <1, nis a positive integer and f,(x%), g,(x%) are two a-
fractional analytic functions. Then

e + ga 2™ = 574 () (£ ) * V84 (g0 (x)®" (17)

n n!
where (k) T ki(n—k)! "
I1l. MAIN RESULTS
In this section, we solve two matrix fractional integrals. At first, a lemma is needed.

Lemma 3.1: If0 < a < 1, r, s are real numbers, p is a positive integer, and A is a real matrix, then
E,(rAx*)®, (cosa(sAx“))®“p = Zipzzzo (Z) E ([r +i(p — 2k)s]Ax%) , (18)
and
a . a Rap _ 1 D P k . a
E,(rAx®)®, (sing(sAx*)) = 25 Lk=0 (k) (—D*E,([r + i(p — 2k)s]Ax%). (19)

Proof Using matrix fractional Euler’s f formula and matrix fractional DeMoivre’s formula yields

Eq(rAx®)®, (cosq(sAx®)) "

1 ®a P
= E,(rAxY)®, (E [E,(isAx®) + Ea(—isAx“)])

= B (rAx®)®, = Sh_o (1) [alisAx®)|®e #-H®, [, (—isAx®)]®ck

= L E,(rAx)®, Y, (z) E,(i(p — k)sAx®)®,, E, (—iksAx®)

= zipEa(rAxa)®a izo (Z) E, (i(p — 2k)sAx®)

1

= =380 (7) Eallr + i(p - 2K)s14x)
And

E,(rAx")®, (sin, (sAx“))®a P

1 ®ap
=E,(rAx*)®, (E [E,(isAx®) — Ea(—isAx“)])
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= B (rAx)®, = ¥b, (1) [EalisAx D)8 P-0Q, [, (~isAx)] Ok

= 2 Ea(rAx®)®q Xy (1)) (C1DFEa(i(p — )SAX)®¢ Eq (—iksAx®)

= 5 ErAxM)®, Th_, (i) (—1)*E,(i(p — 2k)sAx®)

= 300 () (CDFEa (I + ip — 20)5]4x%) . ge.d.

Theorem 3.2: If0 < a <1, (—1)% exists, r, s are real numbers, r > 0, p is a positive integer, A is a real matrix, and A
is invertible, then

(Lol®) [Ea(rAx“)®a (cosa(sAx“))®“p]
= ZipA‘lEa(rAx“)&z P o (i) m [rcos, ((p — 2k)sAx®) + [(p — 2k)s]sin, ((p — 2k)sAx¥)] , (20)

and
(Ll¥) [Ea (rAx®)®, (sin, (sAx“))®“p]

= zipA_lEa(rAx“)®a - ( ) (-1 W [rcos, ((p — 2k)sAx®) + [(p — 2k)s]sing ((p — 2k)sAx*)]. (21)

Proof By Lemma 3.1,

(Lol®) [Ea(rAx“)®a (cosa(sAx“))®“p]

= (colf) |35 2020 (§) Eallr + i — 2k)514x%)|

= 5500 (1) (ol E (I + i(p - 2k)5]4x)]
z_Z (Z) m “HEL([r + i(p — 2k)s]Ax®)]
= 2500 (1) A2 A7 [BarAx @, [coso (0 — 2K)s4x) + ising (p — 20)5Ax)]

= ZipA‘lEa(rAx“)@)a b0 (Z)m [rcos, ((p — 2k)sAx®) + [(p — 2k)s]sing ((p — 2k)sAx®)] .

And
(Ll) [Ea rAx*)®, (sina(sAx“))®“p]

= (ol [0 () CD*Eellr + i(p — 200514x)]

1

= 35 Zic=o (p) (—D*(colf)[Eo([r + i(p — 2Kk)s]Ax®)]
- 2110 ( ) (—D* ——— A [E,([r + i(p — 2k)s]Ax%)]

r+i(p—-2k)s

= zip P o (z) (—1)"%A‘1 [Ea(rAx“)®a [cos,((p — 2k)sAx*) + ising((p — 2k)sAx“)]]

= Z%A_lEa(rAx“)Q)a o (i) (_1)km [rcos, ((p — 2k)sAx®) + [(p — 2k)s]sing ((p — 2k)sAx%)] .
g.e.d.
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IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional integral and a new multiplication of fractional analytic
functions, we obtain the exact solutions of two matrix fractional integrals. In addition, our results are generalizations of
ordinary calculus results. In the future, we will continue to use Jumarie type of R-L fractional calculus and the new
multiplication of fractional analytic functions to solve problems in applied mathematics and fractional differential
equations.
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